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A SIMPLE QUASI-LINEAR PURSUIT PROBLEM"

P. B. GUSIATNIKOV and E. S. POLOVINKIN

A class of differential games is delineated, in which the main pursuit operator T7T:*
/1,2/ is computed analytically. The support function of set T,* (M) 1is written
out in explicit form. It is proved that for this class of games the optimal pur-
suit time coincides with the maximin pursuit time /1—5/ introduced by
Kelendzheridze. A sufficient condition for the completion of pursuit in
Kelendzheridze's time is obtained for a linear differential game. The closeness of
this condition to the necessary condition is proved. The paper borders on the in-
vestigations in /1—10/.

1. Let the motion of a vector z in an n-dimensional Euclidean space R = E be described
by the vector differential equation
dz/dt =A(vz—F(u,v); usPCR, ve=QC R? (1.1)

(u, v are control parameters, P and Q are compacta in finite-dimensional spaces, F:P X Q—> E
and A:Q— R! are continuous mappings) and by the convex closed terminal set M. The state-
ment of the pursuit problem in game (1.1), the objectives, the information available to the
players have been defined in /4/. The general theory of pursuit has been constructed in /1,2
reducing the study of pursuit problem (l.1) to the investigation of the structure of an
operator T,*:2E—2E (in contrast to /2/ we use an asterisk instead of a tilde)

eV te [0, &)

Te)= N U (fe@X+ (/)P ®)ds), To,(X)=Ts, Teni (- Ta(X).. ) T*X)= 0 Ta (X
0 ©,EQ

for (T) = exp (— S Av(s) ds) i P)y=convF(P,v)

Here V is the set of all measurable controls v* = {v(s) =@, se R'}, @, is the set of all

partitions o, = {6 <6, <8, +8, < ... <8, + ...+ 8n =1} of interval [0,¢] (cf. /2,5/). The
operator

02825 6,(X)= N T X.0), TeX)=_U ](f(r,v)X—i-y(T,v)P(v)) (1.2)
(1= = (0,8

f(t,v) = exp(— TA (0)); ¥ (1;,17)=Sj(s, vds, OF(X)= O (O, (- -+ (s, (X)) ...))

was introduced in /1,2/.
A fundamental theorem was proved in /1/: for any closed X CC EF and for t>0 T*(X) =
8* (X).
In the present paper we present conditions sufficient for the fulfillment of the equal-
ities
Te* (M) = Te (M) = B (M) (1.3)
The equalities (1.3) were first proved for the case A(v) =0, F(u, v) =u—y, P and Q are
convex compacta in E, in /3/.
Lemma 1. 1In order that (l.3) be fulfilled it is necessary and sufficient that
Or, (Be, (M)) = Bppre, (M), Ve, >0, & >0 (1.4)
Indeed, (1.4) follows from (1.3) and the semigroup property /2/ of operator T,* Con-

verselv,if (1.4) is fulfilled, then by induction Gwe(J!) = 6, (M) for any 0, = Q. It remains to
make use of the fundamental theorem
T*(M)C T, (M)C 8,(M) = Qﬂ B (M) == T *(M)
£
We observe that the inclusion of the left-hand side of (1.4) into the right always holds /3,6/,

2, Let XCE VvEE. We set

W (X;y) = sup (zp); K(X)={pc E: W(X;{) <<+ oo}
xe
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(W (X;9) is the support function of set X). Everywhere below we assume that M and X are
convex closed sets in E.

Lemma 2. For all & >0, veE Q@ the set T'(e, X,v) is convex and closed, and
(e, X,0) =B, X,v), B(e, X,v) = conv (X U (f (e, )X + 7 (e, v)P ()
The support function We(X,v;¢) of set [' (g, X,v) equals

ey o [ e WEK* (X)= EXK (X) .
W (X""")_{W(X;w)w(e,v)mx,v;w), PEK (X)
Here
9 (X, v 9) = max {0, & (X, ;i )}, k(X v;9) = W(P () 9) — A W (X3 ¥) (2.2)

Proof. By virtue of (1.2) it is enough to verify the inclusion T (e, X,v) C B (e, X, v)
and the convexity of T (e, X,v). Both these follow from the identity
fn =1 —2@y(r v (2.3)
Indeed, for any gz - f(1,v)z+ v(1,v)p such that Tt [0,e],2e X, p= P(v), we have from (2.3) the
representation v 1:)

z=1~—a)zta(f(e v)z+ (e, v) p)= B(e, X, v); 0<a:m<1

To verify the convexity of T'(e, X,v) we take further

2t = f (TN o) -y (vt )pt tr e 10, e]. 2 E X, p* € P ()
Since for any pe[0,1] we can find (because of the continuity of y(s,#) with respect to se [0,
e]) 1, =[0,¢] such that (see (2.3))

BY (6 )+ (L — Wy (e, 0) =y (ty,0), W EDHU Wi =7(1,.0)
we have
=Pt —freXi P=pm/ /D) e [0,1), pp=0p+ U —ap* SPE;i 0=py(n0)/ (5, s B 1]

and, hence )
Bz + (1 — Wz* =7 (T, )7y + 7 (T, t)ps = U (e, X, 1)

The convexity of T (e, X,v) has been proved, and with it the first part of the lemma, fromwhich
(the closedness of T (¢, X,v) follows from that of P (») follow formulas (2.1), (2.2).

Lemma 3. The set ©,(X) is convex and closed. The inclusion z & 0, (X) is fulfill-
edif and only if

(z-w)<ingW“(X.u;wsW"'(X;w), YVEE, We (X)) = W(X;9) + O (X, &5 y) (2.4)
e

D(X,e;%) =0, ySK*(X); D(X,e;)) = max {0, H(X, &), v= K (X)
H (X, &g;49) = min vy (g, v)& (X, v; ) (2.5)
veEQ

Lemma 3 is a trivial corollary of (1.2) and Lemma 2. From (2.4) it follows that the
support function We(X;y) = W (0, (X); V) of set 8,(X) is given /7/ by the formula

mo__ (2.6)
W (X; %)= inf 2 W (X; )
=1
where the lower bound is taken over all finite collections of vectors
WEE i=1,...m P+ Yn=19 (2.7)
We observe that, as follows from (2.1) and (2.6)
E(X)=K(©, (X)), ¢=0 (2.8)

3. We denote
§*(X) = (b & K (X) :inf A (X, v39) > 0); S* = §* (M)

Lemma 4. 1f Y& K(X), then ¢c& St (X) if and only if
O(X,e59) =0, Ve>0 (3.1)
The proof follows trivially from the inequality y (e,v) >0 for e€>0 and v& Q.
Lemma 5. 1f & S$* (X), then the inequalities
W(X;9) =W (X;¢), PO(X),549)=0 (3.2)
W (84, (X); $) = W(Xi¥), @ (8y (X), i) = 0
W(Or (Xkt) =W (X;¢), ©OX), 19 =0

are fulfilled for any t >0, t>0
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Proof. By virtue of (1.2)
X C 8 (X) C 8, (X) C6:(X) (3.3)

Therefore, equalities (3.2) are obvious for all P e K*(X). If now ¢ < K(X), then from (3.3)
we have W(X;¢)< W'(X;¢) which together with (2.6) yields (cf. (3.1))

WX 9) S WX = WX ) + O (X, 6 ) = W(X;9), p & SHX)
The first equality in (3.2) has been proved. With due regard to (2.2), (2.4), (2.5) we then
obtain @ (8.(X), i ¥) = © (X, ¢t; ¢), but the latter expressiocn equals zero by Lemma 4. The first

row of equalities in (3.2) has been proved. From it, in accord with (2.8), follows the in-
clusion

§+(8, (X)) C S (X) (3.4)
for any convex closed set X CE and for tv2>0. Hence by induction
5+ (84, (X)) = S*(8 (.. (8 (X)) .- NCSHX), Vore @, ¢>0 (3.5)

in connection with which the second row of equalities in (3.2) is fulfilled. Hence, with due
regard to (3.3), (2.2}, (2.5) and Lemma 4 we have

W(X;9) < WO (X)) < W(emt (Xx9) =W (X:ip), OO X), nP =P(X, 1,9} =0
4, Let

A*=max A (v); f(e)=-exp(—Ar*e); 7Y(&)= 5 f(rdr; W)= lgg W (P (v); ¥)
eQ

o
By QF = Q* (M) we denote a subset of Qsuch that for each Y & S* we can find 7 & @* satis-
fying the equality _
:Ieuonh(M,v;\p)zh(M, v; P) (4.1)
We assume the fulfillment of the following condition for pursuit problem (1.1).
Condition A. A(%) =A* for any 7 & Q*.
Let Y& St =8t (M). We fix and denote by 7 = 7 (y) an arbitrary vector from Q*, given
by formula (4.1). Let X C E. We set
W, ) = WP @GN HEX ) =W, ) — MW (X;9)
O (X; §) = max {0, H(X;9)}; @e(X; 9) = D (8 (X); §)
Lemma 6. If condition A is fulfilled, then
WE (B (M); §) = W (05 (M); V) + v (8)D (85 (M); §), Vye=S8+, >0, 60 (4.2)

Let us first prove that if ¢ =S+ and 8 >0, then
ggh (85 (M), v; ¥) = k(84 (M), T(P); V) == H (B (M); §) (4.3)
Indeed, by Condition A
Wo () — A WO (M5 ) = & (O (M), T ()i ¥) > mFxg [W (P (); ) — A (WS (A 9)] > TéILIW(P (@) §) — A ()W (M; )] +

meig (A (o) (W (M) — W (O5 (M); $l} = h (M, U () b) + A% [W (M) — W (85 (M); )] = H {8, (M); )
Equality (4.3) has been proved. Using this equalitfy and the property of the minimum cft a -
product of nonnegative functions, we obtain (see (3.4))
Y (e)H (B5 (M); ¢) = v (e, V() (O5 (M), 0 (§); ¥) 2> H (685 (M), &5 §) > meig T (e, v)~llllil(1)h (B (M), vi p) =
v (=
Y(e)H (B (M); ¥), Vi = S (8, (M)
Consequently, H (8, (M), & ¥) == v (e)H (85 (M); |) and, hence,

D (0 (M), &5 %) — (YD (85 (M); §), Vip = S* (8 (M) (4.4)
Now if ¢ = $*\ 5*(84(M)), then, by Lemma 4, & (64(M),e;¢) =0 i.e.,
min k(85 (M), v; ¥) < 0
reQ
which by virtue of (4.3) implies H (8; (M);.\p)<0. so that ®4(M;¢) =0. Thus we have proved that

(4.4) is true for all ¢ e S*. From this equality and (2.4) follows (4.2). We set @ (M; ¥) =0,
Y& St(M) .

5. Lemma 7. Let &>0,¢y& K(M). Then for any A > 0 we can find a collection (2,7)
such that

0L — W (M; %) + 3 (W (5 9:) + v () DM vl <A (5.1)
i=1



550 P. B. Gusiatnikov and E. S, Polovinkin

O, (M) > f(e)z,(p (M 45) — A | 0¥ | (5.2)

Proof. If we(Miy) = W(M; ¢) + 7D (M; ), then inequality (5.1) is fulfilled for a col-
lection (2.7) in which m =1,y, =¢. Let us verify (5.2). We estimate H = H (8, (M): y). We
have

H == Wy {h) — A*WE (M ) = Wy () — A*¥W (M ) — R*y () DM p) = (5.3)
J{eYy D (M; ), H (M §) >0
(M3 ), H(M; )< 0
Hence, @, (M;¢)=/(e)® (M;y) and (5.2) is proved. Consider the case

H(M; §) — My () D (M ) ==

WE (M) < WM ) + v (8)D (M) (5.4)
By virtue of (3.2), (4.4) we have from this that ® (M;4¢) >0, so that
O (M) = H (M; ) (5.5)

From (5.4), the definition of the lower bound (2.6), and formula (4.2) follows the existence
of a collection (2.7) such that (5.1) and the inequality

m
SUIW (M) + v () P MG 9T AM %) v (2) D (M5 ) (5.6)
i=1
are fulfilled. Because of the convexity of the support function W (M;¢)< X W (M;,), , from
(5.6) we have i=1
D) DM ;) < DM ) 5.7)

i=1
Once again we estimate H.
Case 1. A*>0. From (5.3)— (5.5) follows
O, (M) > H = Wa (9) — MW (M 4) = W, (§) — AW (M) — My @D (M) ==/ (e)® (M )
which together with (5.7) yields (5.2).
Case 2. k = —|A*]<0. To estimate H we use (5.1), the convexity of wM;¥y) and (5.7)
PV*(¢)~|A*|{Z[IV i By) 7 (&) D (M5 )] — A} >, () +

i=L "
PR WM \l)w‘-l?'lV(E)z‘D(u i) - A =@ (M, \D)“l*)‘(F)z‘D(Mll)—AM* > () D) DM ) — A Ak
Hence follows (5.2). i=1 i1

6. Theorem 1. If Condition A is fulfilled for problem (1.1), then (1.3) is fulfilled
for any & >0

Proof. By virtue of Lemmas 1 and 3 it suffices (see Section 1) to verify the inequality
We (0, (M); ) > Were(Miy); Y& E, 6220, >0 (6.1)

If Y= K*(M)or &= K (M)\ §*, then (6.1) follows from (2.8) or (3.2), respectively. Now
let Y& S*, A >0. In accord with Lemma 7 a collection (2.7) exists such that inequalities
(5.1) and (5.2) are fulfilled for ¢ == &, combining which we obtain

W (O, (M); §) = VWM 4) 4 v (e2) Qe, (M) > _23 W (M) + (6.2)
T

V(Ea) @ (b)) - A ¥ (er) f(2) 3P 4) — v (o) A [ =

z VO ) - v (e1 -+ e2) D (M40} — A (1 4 p(e2) [ M) SWEFS (A 4) — A2 4 [ (e1))

Here we have used relations (4.2), (2.6) and the identity f(t,v)y(s, v) + 7 (t,0) =9y (v + s ).
Since the quantity A >0 in (6.2) is arbitrary, inequality (6.1) has been proved and with
it the theorem.

7. By Q* = Q** (M) we denote a subset of (@ such that for each Y& §* we can f£find
7 & QY for which W (P (%); ) = W ().
Condition B. 0& M (0 is the null vector in E); A(F) = A* for any 7 & Q*+.

Lemma 8. If Condition B is fulfilled for game (l.l), then Condition A is fulfilled.
In this case W, ) = W ).

8. Let a pursuit problem be described by the equation /4/
dz/ dt == Cz — F (u, v) (8.1)

where C is a constant rth-order square matrix, F (u,v), P, 0 and M satisfy the requirements
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in Sect.l for problem (1.1).

Theorem 2. Equalities (1.3) are fulfilled for problem (8.1) if matrix = A¥I, A*
is a real constant, I is the nth-order unit matrix, function F (u,v) is continuous on P X Q, P
and Q are compacts in finite-dimensional spaces, M is a convex closed set.,

Proof. 1If the hypotheses of Theorem 2 are satisfied, then problem (8.1) turns into
problem {1.1) in which A (v)= A* v @, in connection with which Condition A is fulfilled.
It remains to apply Theorem 1.

9, Theorem 3. 1If in problem (8.1) each nonzero vector Y & K (M) is an eigenvector
of matrix C* (the operator adjoint to (), the equalities (1.3) are fulfilled.

Proof. since K (M) is a convex cone /7/, a single real A* exists such that C*) = A%}
for all ¢ & K,, where K, is a subspace, being the linear hull of X (M). If the dimension
n, — dim Ky = n, then matrix C*, and with it also (€, has the form »*I, where [ is the
nth-order unit matrix. It remains to make use of Theorem 2. Now let n,<n. By Ny we denote
the orthogonal complement to K, in E and by n we denote the operator of orthogonal projection
onto Ky Then the following lemma is valid.

Lemma 9. Set Mcan be represented as
M =No+ My My =aM (9.1)

Proof. At first we verify the set m,+ N, is contained in M for any my s M. To the
contrary suppose that we can find n, & N, such that my -+ ng ¢ M; then by the separability
theorem /7/ there exists e K (M) such that (.(me + np)) > (p-m) for every me M. Taking m =m,
and recalling that ($.n) =0, we arrive at a contradiction. To prove (9.1l) it remains to make
use of the chain of inclusions

No+ My = No+MCMCN,+ M,

We complete the theorem's proof. We set 2, = ng; 2% =2 —nz; F,{u,v) = n F (4, v); Cy = =nC.
By virtue of (9.1), z& M if and only if z, & M,. Further, since subspace K, is invariant
relative to operator (*, we have that N,is invariant relative to €, so that C,2%*= 0. 1In
addition, for any ¢ & K, we have

($-1Cuzy — A*2,]) = (- Czy) — A* ($-2,) =M(c“p'z*) — Mz =0
Consequently, (42, = A*z,. Therefore, applying operator # to (8.1), we cbtain
dzy | dt = n(da] dt) = Cy (24 + 7%) — F, (1, 0) = Mz, — F, (8, v) (9.2)

Thus, under the hypotheses of Theorem 3 game (8.1) is equivalent to game (9.2) with terminal
set M,. Since game (9.2) already satisfies the hypotheses of Theorem 2, Theorem 3 is proved.
Let us now prove a theorem that in some sense is the converse to Theorem 3.

Theorem 4. Let a matrix C and a convex closed terminal body M /8/ be such that we can
find a vector g, K (M), |p, | = 1, that is not an eigenvector of operator €*. Then for any
sufficiently small 8,>>0 there exist the spheres P=a -+ {(p+ 05, Q=05 (p >0, 0>0;8
is the closed unit sphere in E with center at the origin; ¢ is a constant vector) and the
function F (u,v) = u — v such that in problem (8.1) the sets T,(M) and T¢* (M) do not co-
incide for some & & (0,08, (here, as in Theorem 3, we use the general definition /2/ of
operators T, and T,*).

The theorem is proved in several stages. By v (P) and o ($) we denote (and use subsequently)
the vectors occurring in the equalities.

v EQ v =W oM Q Gao@) =W
Lemma 10. Let @ and Q be convex compact bodies not containing segments on the boundary,
where only one support hyperplane passes through each point of the boundary of €, Then for
any g, >0 there exists §,>> 0 such that the inclusion v+ o) + 8§ E P =@ + Q is fulfilled
for all ¢, ¢= S, || =1, and for all v& @ satisfying the inequality |v{@) —v | =g, .

Proof. By the lemma's hypotheses the vectors v(y) and o (§) are unique. The subseguent
argument is by contradiction. Let & >0 exists such that for any, positive integer » we can
£ind Ym, (¥nl=1, o= 5 =0, | v(§n) —vnl| > &, such that v,totp)+ -9, &P, i.e., the inequality

(v [r e+ 0@ —t— 0 tp) — 0, ]) <0 (9.3)

is fulfilled for some Y*e &£, |Y"|=1. Passing, if necessary, to a subsequence, we can take

it that
. Yn—Pp "= On— @ [Vl=191=12¢ va—>0v =¢)

n -
Since (because of the absence of segments on the boundary) the functions v¢{} and w©($) are con-
tinuous /7/.
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v (he) — v 0oy 2 (™) = o @) ©@hn) — 0 (h), @ Q") - 0 @), n—wo
Passing to the limit, from (9.3) we obtain
- [v % — vol) -+ - lo @) — o (o)) <O (9.4)
[v(be) — ol > (9.5)

Noting that each of the two terms in the left-hand side of (9.4) are nonnegative, we
conclude that v, = v(@?); © @) == @ (P). Since only one support hyperplane to Q passes through
the point ®{P), we have that 1, =", so that v, =v(y,), but this contradicts (9.5}.

10. Everywhere in this section we assume that in game (8.,1) M is a convex closed body,
Fu,v)=u—v, P=Q+Q, where Q and Q satisfy the hypotheses of Lemma 1l0. For any 2z,& E
we denote by t(z,) the earliest instant ¢ >0 for which the inclusion z,& T/* (M) is fulfil-
led. It is well known /9/ that in this case the instant ¢ (z,) can be defined also as  the
earliest instant { >0 for which the inclusion.

¢

D () 2e=M + § O () Qdr; © (1) = expC) (10.1)
0
is fulfilled. Using the notation of Lemma 10, we assume
vinY) =v@rg), oW =), wirg) =0 /|0 ], @* ()= exp (rC*)
Then vectors mye& M and Y, E E, |y, | =1 exist such that

R (10.2)
D (1 (z0)) 20 = mo + S O (ryo (r, po) dr
0
t

D (O 2oEM + § O () Qdr, 1= 10, (z0)) (10.3)
0
Lemma 11. For the fulfillment of the equality 7. (M) = T.* (M), e = 1[0, t(z)] it is
necessary that the condition (int is the symbol for the interior of a set)

t 1
D () z0 + S O (t —r)v(t{z0) —r, po)dret int [M + S(D(r) Pdr] (10.4)
b é

be fulfilled for any t e 0, (z,).
Proof (by contradiction). Let te&|[0,1(3) exist such that

T - T
D (v) 30’%5 D(v—ryo (t(zg) —r, §o) dr = int |.1”+ S D (r) Pdr-,
0 0

(10.5)

This signifies that we can find ¢ >0 such that for each measurable control (t) e @, tel0, 1],
satisfying the inequality

T
(It —r =) lar<a (10.6)
0

we can find a measurable control u«(t)e= P, t=|[0,1], such that

. (10.7)
2(v) == D (1) 39 — j D(t—r)[u(r)—rir)}dreM
[

We assume
il =Ry Q*jvergf"ﬁen” v+ el
Let a number §,>0 correspond to & by virtue of Lemma 10. Since M is a body, there exist
a vector ¢, and a number u,>0 such that /8/
[ Qe =05 [P @ [ 1, 0 r<C £(z0),  mu T Mo S M, my — my — koBypy (10.8)
We set B, = |m,|+1+Q*/By By =|C|-1;|C| is the norm of matrix (. We select a number s =
(t, t(20)) such that
By [exp (By 1t (z4) — sol) — 11 <o (10.9)

We now consider an arbitrary measurable control v, = {v () =@, t =[0,s])} not satisfying
(10.6). This signifies that a measurable set V(v,) C[0,7] exists such that mes V (v4) = ko, | v(t (29) —
o) = v (D) | >, rE V(0 Having defined v (r)=v(t(z) — r,¥), r (5, ¢ (z)], wWe assume

u(ry = {I’ (r) 4 o (£ (z0) — 70 Yo} 1~ 8P (20) — 1) Paer T =V (0x)
v (r) @ (£(z) — 1 o) 7 =10, £z} NV (v4)

(the possibility for such a choice of u()=P follows from Lemma 10 and (10.8)). Then for
such a pair of controls u(r) and v(r) (cf. (10.2))
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t ()
SN = (G 2 — | DG —r) [u (7) — 2 (1] dr = ma (10.10)
o

Having denoted 1I(r) =z(r) —m,, we have

t(zo) f(z0)
O =1t — § 100~ ot —6,w1aI< B § (11O +B)®, relo i)

r

So that by Gronwall's lemma and formula (10.9)
1 (so) | << By [exp (B [2(z0) — 5]) — 1] < g
By virtue of (10.8) this signifies that z(s) =M. Hence from (10.7) it follows that 2z = T, (M)

(see /2/ for the definition of T7,); however, by virtue of (10.3), g T, ®M). A contradic-
tion. The lemma has been proved.

11. wWe complete the proof of Theorem 4. We consider the analytic functions

1_—7' 2 2
A =——=1— gt — s Y= 1: =1ttt

e

whose radii of convergence are-t+ooand 2n, respectively. If A is an arbitrary nth-order
matrix, ||4]| < 2n, , then the matrix-valued functions A (4) and Y (4) exist and satisfy the
relations

t
AA)- Y (A)=T; tAt4) = {exp(—rdydr, t>0
0

in connection with which the inverse operator

¢
-1
[Sexp(—-rA)dr] =LYy =R(4) (11.1)
[
exists for O0<<t||A||< 2n Let my be a fixed point of set Msuch that (my-@o) = W (M; @o)-
Since M is a body, a vector @, |@s| =1, and a number p,> 0 exist such that
my — hp, S int M, A& (0, po) (11.2)
The vector ¢, is not an eigenvector of operator [ = C*. Therefore, the number o« = |Dg,|? —

(9o-Dgy)* > 0.
Now let 6, >0 (i =1, 2,3, 4) be arbitrary numbers satisfying the relations

BAE(O,min{l,—ﬁ}>, 0.0, 8,50, 8y,+8,=—0;, 06,=10,6,] (11.3)

We set G (z, y) = zA (zC)-R (y, C) and consider the expressions

Bs
g (65, 65, 6;) = ((PO - G (6, 92)[)( (0, 85) — j O (rYw(0: + 7, Po) dr])
0

v
1@ 4)=§ @) 0. go)dr, E(81,6:)=(90 - G (8:,8) py)

% (81, 0,5, 85) = (@o-[x (6, — 6y, 8,) — G (8y, B)x (85, O)])
The Taylor expansions of these expressions in powers of 8, 6,, 0, lead to the following estimates
(N denotes a constant depending only on matrix C and not depending on 8;(i=1,... 4)):

g (81, 82, 85) > 010 (501 — NOE); £ (81, 0:) < VOO, x (81, B9, B)>> 0y (£ (B — 0,)(8— 201)— No,? [, — 0y [) (114

Now let p>0,9>0,v>(Q be arbitrary real numbers satisfying together with 6; (i =1, ..
., 4) the inequalities

1 2,
v<phed, 6 < gpr 78 <8 < <-mw (11.5)
From (11.4), (11.5) we have the estimate
(2, g, v, 8, 051) >0, re (0,0, (11.6)

for the expression (p,q,V, 0,05 r)=%(p9§lg (r, 02, 85) + gu (1,64, 85) — vE (1, 62)}.
Let us now consider a game (8.1) in which
Fu,vy=u—v, P=Q+Q, Q@=pS, Q=a+0oS (11.7)
T

a=Cm*+ a,. m*=mo+ 0%(0,8), a,= RO —T,() X{—vq>*+p[x(0,1:)—S(D(r)w(eo—'t—|—r,q>o)dr]—0x(1:,90)}
o

and the constants p>0,0>0,8,>2r>0, v >0 satisfy the inequalities
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. _ - 100N _ 4
8 <min(t, x| CI, a@oMy, LT gt v (11.8)

We take the point z, = m* + B,A (8,C)a, and we verify that the equality t(z,) = 0y is fulfilled
for this point and that at instant t the inclusion (10.5) is fulfilled with ¢ = ¢ , which
by Lemma 11 completes the proof of Theorem 4. It is easily verified that (cf. (10.2))

[N
D (8o) 2o =m0 + S D (r)o (r, go)dr; ®(r, Qo) =a -+ ow(r, o)
]
Let us prove (10.3) for all te [0, 6,). For this it is enough to verify the inequality
t
AW = (90 (@) 50— m— [ DMV 0 (r, o) dr}) >0, Vi 10,60
0

Simplifying the expression for A (t), we obtain, using (11.7), (11.8), (11.5), (11.3), (11.6),
8e—t
AW =(g0- | D(—r)aydr+ox(t, ) =E@— 1) X 1(pT,0,, 80—, 7;8p—1) >0

0

The equality ¢ (z,) = 0, has been proved.
To verify (10.5) with ¥, = @, we make use of (11.7), (11l.1), (11l.2)

@ (1) 20+ Sd)(t—r)v(t(zo)—r,(po)dr=(l)(‘t)Zo+pSfD(t—r)w(Bo—r,wo)dr:mo— VP +
0 0

i T
fOMNa+ (o +0)w(r, o) dreint [ M + [ @ () Par]
] L]

The theorem has been proved.
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